Abstract. In the paper "Einstein metrics on compact simple Lie groups attached to standard triples",
Introduction
A Riemannian manifold (M, g) is called Einstein if there exists a constant λ ∈ R such that the Ricci tensor r with respect to g satisfies r = λg. See Besse's book [4] , the papers of Jensen [11] and Wang and Ziller [17] for more details. For Lie groups, D'Atri and Ziller prove in [10] that every compact simple Lie group except SO(3) admits at least two left-invariant Einstein metrics which are naturally reductive. But they also mention in [10] that it is difficult to give non-naturally reductive Einstein metrics on compact simple Lie groups.
Recently, there are some studies on non-naturally reductive Einstein metrics on compact simple Lie groups. Mori gives in [12] a class of non-naturally reductive left-invariant Einstein metrics on compact simple Lie groups SU(n) for n ≥ 6. After that, Arvanitoyeorgos, Mori and Sakane prove the existence of non-naturally reductive Einstein metrics on SO(n)(n ≥ 11), Sp(n)(n ≥ 3), E 6 , E 7 and E 8 . Then Chen and Liang obtain in [7] a non-naturally reductive Einstein metric on the compact simple Lie group F 4 .
Recently, Chrysikos and Sakane find new non-naturally reductive Einstein metrics on exceptional Lie groups in [8] , especially they give the first non-naturally reductive Einstein metric on G 2 .
In [19] , Yan and Deng study non-naturally reductive Einstein metrics on a compact Lie group G associated with a triple (G, K, H). Here G is a compact simple Lie group, K is a closed subgroup of G such that G/K is a compact irreducible symmetric space, and H is a closed subgroup of K. Denote the Lie algebras of G, K, H by g, k, h respectively. Let B, B k , B h be the negative of the Killing forms of g, k, h 1 respectively. Consider the B-orthogonal decomposition
and the left-invariant metrics on G determined by the ad(h)-invariant metric on g of the form ·, · = B| h + xB| u + yB| p , x, y ∈ R + . (1.2)
A triple (G, K, H) (or (g,k,h)) is called a basic triple in [19] if
(1) B k = c 1 B| k , B h = c 2 B| h for some c 1 > 0, c 2 > 0, and (2) i (ad 2 (h i ))| u = −λ u id, i (ad 2 (h i ))| p = −λ p id for some λ u > 0, λ p > 0. Here {h i } is a Borthonormal basis of h.
A basic triple (G, K, H) is called standard if the standard homogenous metric g B on G/H is Einstein. In fact, the classification of the homogeneous space whose standard homogeneous metric is Einstein is given by Wang and Ziller in [16] . Thus it is easy to give a complete classification of standard triples based on [16, 18] . Furthermore in [19] , Yan and Deng classify standard triples and prove that every compact simple Lie group G attached to a standard triple (G, K, H) admits a left-invariant Einstein metric of the form (1.2) which is non-naturally reductive except the standard triple (Sp(4), 2Sp(2), 4Sp(1)).
In general, for a basic (even standard) triple (G, K, H), the decomposition (1.1) is not necessary to be a direct sum of irreducible ad(h)-modules. That is, the metric of the form (1.2) is only a special class of left-invariant metrics on G which are also Ad(H)-invariant. In order to obtain non-naturally reductive left-invariant Einstein metrics on Sp(4) which are Ad(4Sp(1))-invariant, we need to discuss the structure of sp(4) as a direct sum of irreducible ad(4sp(1))-modules. Firstly, we have the following theorem.
Theorem 1.1. For the standard triple (Sp(4), 2Sp(2), 4Sp(1)), there exists an involution pair (θ, τ ) of sp(4) such that θτ = τ θ and 4sp(1) = {x ∈ sp(4)|θ(x) = x, τ (x) = x}.
It follows the decomposition of sp(4) as a direct sum of irreducible ad(4sp(1))-modules. Although 4sp(1) is the fixed point of an involution pair of sp(4), Sp(4)/4Sp(1) is not a generalized Wallach space, which is also called a three-locally-symmetric space. The notation of a generalized Wallach space is introduced by Nikonorov in [13] . A compact homogeneous space G/H with a semisimple connected Lie group G and a connected Lie subgroup H is a generalized Wallach space if m is the direct sum of three irreducible adh-modules pairwise orthogonal with respect to B, i.e.
with [m i , m i ] ⊂ h for any i ∈ {1, 2, 3}. Here B is the negative of Killing from of g, h is the Lie algebra of H, and m is the orthogonal complement of h in g with respect to B. The classification of generalized
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Wallach spaces is given by Nikonorov in [14] . In [5] , Chen, Kang and Liang prove that the classification of generalized Wallach spaces is equivalent with the classification of involution pairs of compact Lie groups satisfying certain conditions, and then give the classification for compact simple Lie groups.
In [2] , Arvanitoyeorgos, Sakane and Statha study non-naturally reductive Einstein metrics on Sp( 
non-equivalent non-naturally reductive Einstein metrics.
In this paper, we character the structure of sp(2n 1 n 2 ) as a direct sum of irreducible ad(2n 2 sp(n 1 )))-modules by the following theorem.
It follows from Theorem 1.4 that a B-orthogonal decomposition of sp(2n 1 n 2 ) as a direct sum of irreducible ad(2n 2 sp(n 1 ))-modules. Here we point out that, from Theorem 1.4, we get another decomposition of sp(4) by three involutions of sp(4) directly, which is in essential the same as that from Theorem 1.1.
In order to give new non-naturally reductive Einstein metrics on Sp(2n 1 n 2 ) which are Ad(2n 2 Sp(n 1 ))-invariant, we consider another class of left-invariant metrics on Sp(2n 1 n 2 ) which are Ad(2n 2 Sp(n 1 ))-invariant different from those given in [19] . The metrics correspond to the decomposition of Sp(2n 1 n 2 ) under two special involutions from θ i , 1 ≤ i ≤ 2n 2 −1 whose fixed point is sp(n 1 )⊕sp(n 1 )⊕sp(2(n 2 −1)n 1 ).
More general, we prove the following theorem. 
In particular, in Theorem 1.5, let n 1 = k and take l = 2(n 2 − 1)k, we have at least two non-naturally reductive left-invariant Einstein metrics on Sp(2n 1 n 2 ) which are Ad(Sp(n 1 ) × Sp(n 1 ) × Sp(2(n 2 − 1)n 1 )).
In particular, they are Ad(2n 2 Sp(n 1 ))-invariant.
Comparing to Lemma 1.3, we get the lower bound of the number of non-naturally Einstein metrics on Sp(n) for n ≥ 4 from Theorem 1.5. Theorem 1.6. For every n ≥ 4, the compact simple Lie group Sp(n) admits at least 2[
The paper is organized as follows. In section 2, we list some preliminaries which is necessary for this paper. In section 3, we recall the results on the theory of involutions on compact simple Lie groups, and then decompose sp(4) as a direct sum of irreducible ad(4sp (1))-modules based on the above theory.
That is, we prove theorem 1.1. Then in section 4, we prove Theorem 1.2 by the studies on Sp(n) given in [2] . In section 5, we decompose sp(2n 1 n 2 ) as a direct sum of irreducible ad(2n 2 sp(n 1 )))-modules corresponding to 2n 2 − 1 involutions of sp(2n 1 n 2 ). In particular, we prove Theorem 1.4. Furthermore, we prove Theorems 1.5 and 1.6 in section 6.
Preliminaries: naturally reductive metrics and the Ricci tensor
Let G be a compact simple Lie group and let K be a connected closed subgroup of G with Lie algebras g and k respectively. Let g = k ⊕ m be the B-orthogonal decomposition. Here [k, m] ⊂ m. Assume that m can be decomposed into mutually non-equivalent irreducible Ad(K)-modules:
It is well-known that there exists a one-to-one corresponding between G-invariant metrics on G/K and
In [10] , D'Atri and Ziller give a sufficient and necessary condition for a left-invariant metric on a compact simple Lie group to be naturally reductive.
Lemma 2.1 ([10]). For any inner product b on k 0 , every left-invariant metric on G with the form
is naturally reductive with respect to the action (g, k)y = gyk
if a left-invariant metric ·, · on a compact simple Lie group G is naturally reductive, then there exists a closed subgroup
K of G such that ·, · can be written as above.
Now we have a B-orthogonal decomposition of g which is Ad(K)-invariant:
where k p+i = m i for 1 ≤ i ≤ q. Assume that dimk 0 ≤ 1. Consider the following left-invariant metric on G which is Ad(K)-invariant:
where
where the sum is taken over all indices α, β, γ with e
the choice for the B-orthonormal basis of k i , k j , k k , and (ijk) = (jik) = (jki). Furthermore in [1] , there are fundamental formulae for the Ricci tensor for compact Lie groups and compact homogeneous spaces.
Here we just give the formula for Lie groups. 
Here, the sums are taken over all i = 0, 1, · · · , p + q. In particular for each k, i,j (jki) = d k .
3. The decomposition of sp(4) as a direct sum of irreducible ad(4sp (1))-modules.
This section is to character the decomposition of sp(4) as a direct sum of irreducible ad(4sp(1))-modules according to the standard triple (Sp(4), 2Sp(2), 4Sp(1)). Here, Sp(4)/2Sp(2) is a compact irreducible symmetric space. That is, there is an involution θ of sp(4) such that
In general, let G be a compact simple connected Lie group with the Lie algebra g and let θ be an involution of G. Then for the involuation θ, we have a decomposition,
where k = {X ∈ g|θ(X) = X} and p = {X ∈ g|θ(X) = −X}. Cartan and Gantmacher made great attributions on the classification of involutions on compact Lie groups. Let t 1 be a Cartan subalgebra of k and let t be a Cartan subalgebra of g containing t 1 . Let Π = {α 1 , . . . , α n } be a fundamental system of t and φ = n i=1 m i α i be the maximal root respectively. Let α
Here m
Moreover, k is described as follows. Remark 3.4. In Lemma 3.3, the dimension of C(k), i.e. the center of k, is 1 for case (1); 0 for cases (2) and (3), β 0 in case (3) is the highest weight of ad m C k for θ = θ 0 corresponding to Π ′ .
Let {α 1 , α 2 , α 3 , α 4 } be a fundamental system of sp(4) such that the Dynkin diagram is
Let φ = 2α 1 + 2α 2 + 2α 3 + α 4 . By the above lemmas, the irreducible symmetric space Sp(4)/2Sp (2) corresponds to the involution θ = e adH of sp(4) defined by
Furthermore the Dynkin diagram of 2sp (2) is
Consider the involution τ 1 = e adH1 of the first sp(2) with the Dynkin diagram
defined by
Let
Denote by h 1 the first sp(1) in the above diagram and h 2 the second sp(1). Then u 1 = {x ∈ sp(2)|τ 1 (x) = −x} is an irreducible ad(h 1 )-module and sp(2) = h 1 ⊕h 2 ⊕u 1 . Similarly, consider the involution τ 2 = e adH2 of the second sp(2) with the Dynkin diagram
Denote by h 3 the first sp(1) in the above diagram and h 4 the second sp(1). Then u 2 = {x ∈ sp(2)|τ 2 (x) = −x} is an irreducible ad(h 2 )-module and sp(2) = h 3 ⊕ h 4 ⊕ u 2 . Thus τ 2sp(2) = τ 1 ⊕ τ 2 is an involution of 2sp(2) with the decomposition
Here u 1 and u 2 are irreducible ad(4sp(1))-modules. But it is unclear for p as an ad(4sp(1))-module. In order to do this, we study the extension of the involution τ 2sp(2) of 2sp(2) to sp(4).
The theory on the extension of involutions of k to g can be found in [3] , which is different in the method from that in [20] . There are also some related discussion in [5, 6, 7, 9] . In the following we first give the theory in general cases. Now for any involution τ k of k, we can write τ k = τ (1) There exists an automorphism τ of g extending τ k which is an involution.
(2) Every automorphism τ of g extending τ k is an involution. 
Lemma 3.9 ([3, 20]). If τ is an involution of g extending an involution τ k on k, then every extension of τ k is an involution of k, which is equivalent with τ or τ θ.
Now we go back to discuss the above case for the standard triple (Sp(4), 2Sp(2), 4Sp(1)). By (2) of Lemma 3.8, the natural extension τ of τ 2sp(2) is an involution of sp(4). In fact, for the fundamental system {α 1 , α 2 , α 3 , α 4 } of sp(4), the involution τ = e adH of sp (4) is defined by
Clearly, θτ = τ θ. That is, theorem 1.1 holds.
Let p 1 = {x ∈ p|τ (x) = x}, and p 2 = {x ∈ p|τ (x) = −x}. By the above discussion, we have the following decomposition:
Consider another fundamental system {α 2 , −α 1 − α 2 , α 1 + α 2 + α 3 , α 4 } of sp (4) with the Dynkin diagram
The maximal root is −φ 1 . The Dynkin diagram of h ⊕ p 1 = {x ∈ sp(4)|τ (x) = x} is
Consider the restriction of the involution θ of sp(4) on h ⊕ p 1 . Similar to the discussion for u,
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as the direct sum of irreducible ad(4sp (1))-modules. For p 2 , consider the fundamental system {α 1 +
The maximal root is φ. The Dynkin diagram of h ⊕ p 2 = {x ∈ sp(4)|θτ (x) = x} is
Consider the restriction of the involution θ of sp(4) on h ⊕ p 2 . Similar to the discussion for u,
as the direct sum of irreducible ad(4sp (1))-modules. Up to now, we have the decomposition
as a direct sum of irreducible ad(4sp (1))-modules.
4. Non-naturally reductive Einstein metrics on Sp(4) which are Ad(4Sp (1))-invariant
For the standard triple (Sp(4), 2Sp(2), 4Sp (1), we have the following B-orthogonal decomposition of sp(4) as irreducible ad(4sp(1))-modules:
Consider the left-invariant metric ·, · on Sp(4) which is Ad(H)-invariant of the form
In [19] , the authors show that there are no non-naturally reductive Einstein metrics which satisfy
In the following, we consider the metrics on Sp(4) of the form (4.1) satisfying
That is, we can consider the following B-orthogonal decomposition
The above decomposition corresponds to another involution pair (θ, σ) satisfying θσ = σθ, where θ is the involution in section 3 and σ = e adH is the involution defined by
Here σ is the natural extension of the involution e adH ′ on k defined by
We can check that (4)|θ(x) = σ(x) = x}, and (2) is a generalized Wallach space.
In general, for any 1
Wallach space [5, 14] . Let {α 1 , α 2 , · · · , α k1+k2+k3 } be a fundamental system of sp(
The generalized Wallach space Sp(
, where θ = e adH determined by
and τ = e adH ′ determined by
Then we have the decomposition of sp(
Consider the left-invariant metrics on Sp(
By the theory given in Lemma 2.1,
Lemma 4.1 ([2]). If a left-invariant metric of the form (4.2) is naturally reductive with respect to
, then one of the following holds:
(2) y 2 = y 3 = y 6 , y 4 = y 5 .
(3) y 1 = y 3 = y 5 , y 4 = y 6 .
(4) y 4 = y 5 = y 6 .
Conversely, if one of the above conditions holds, then the metric of the form (4.2) is naturally reductive with respect to
Using the formula in Lemma 2.2, we have the following lemma. .
Here
Furthermore, for k 1 = k 2 = 1, k 3 = 2, we have the following lemma.
Lemma 4.3 ([2]
). The Lie group Sp(4) admits three Ad(Sp (1)×Sp (1)×Sp (2) 
determines a non-naturally reductive Einstein metric on Sp(4) which is Ad(4Sp (1))-invariant.
5. The decomposition of sp(2n 1 n 2 ) as a direct sum of irreducible ad(2n 2 sp(n 1 ))-modules.
In the following, we first prove Theorem 1.4. In fact, let {α 1 , α 2 , · · · , α 2n1n2 } be a fundamental system of sp(2n 1 n 2 ) with the Dynkin diagram
For any 1 ≤ i ≤ 2n 2 − 1, let θ i be the involution of sp(2n 1 n 2 ) defined by θ i = e adHi where H i satisfies
Clearly, θ i θ j = θ j θ i . Then we have the following decomposition of sp(2n 1 n 2 ):
Here m(j 1 , · · · , j 2n2−1 ) = {x ∈ sp(2n 1 n 2 )|θ i (x) = j i x}, and in particular
.
Then we have
which is a direct sum of irreducible ad(2n 2 sp(n 1 ))-modules.
Remark 5.1. The standard triple (Sp(4), 2Sp(2), 4Sp(1)) corresponds to the above case with n 1 = 1,
Here there are possibly 11 irreducible ad(4sp(1))-modules: Consider the left-invariant metrics on Sp(2n 1 n 2 ) determined by the Ad(2n 2 Sp(n 1 ))-invariant inner product on sp(2n 1 n 2 ) given by
In [19] , the authors show that there are non-naturally reductive Einstein metrics on Sp(2n 1 n 2 ) for n 1 n 2 > 2 which satisfy (1) y 1 = y 2 = · · · = y 2n2 , and
We will consider the metric of the form (5.1) satisfying
(1) y 3 = · · · = y 2n2 = y(j 1 , · · · , j 2n2−1 ) for any (j 1 = 1, j 2 = 1, j 3 , · · · , j 2n2−1 ) ∈ Φ, and (2) all y(j 1 , · · · , j 2n2−1 ) satisfying (j 1 = 1, j 2 = −1, j 3 , · · · , j 2n2−1 ) ∈ Φ are equivalent, and (3) all y(j 1 , · · · , j 2n2−1 ) satisfying (j 1 = −1, j 2 = 1, j 3 , · · · , j 2n2−1 ) ∈ Φ are equivalent, and (4) all y(j 1 , · · · , j 2n2−1 ) satisfying (j 1 = −1, j 2 = −1, j 3 , · · · , j 2n2−1 ) ∈ Φ are equivalent.
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The above metric corresponds to the decomposition of sp(2n 1 n 2 ) under the involution pair (θ 1 , θ 2 ) which are Ad(Sp(n 1 ) × Sp(n 1 ) × Sp(2(n 2 − 1)n 1 ))-invariant. Generally, we will study non-naturally reductive Einstein metrics on Sp(2k + l) which are Ad(Sp(k) × Sp(k) × Sp(l))-invariant.
6. Non-naturally reductive Einstein metrics on Sp(2k + l)
In this section, we give non-naturally reductive Einstein metrics on Sp(2k + l) which are Ad(Sp(k) × Sp(k) × Sp(l))-invariant. That is, we take k = k 1 = k 2 and l = k 3 in the formulae given in Section 4, and study the metric with y 1 = y 2 and y 5 = y 6 = 1. The homogeneous Einstein equations are equivalent to the following system of equations: Substituting it into f 1 and f 3 , we have Consider the polynomial ring R = Q[z, y 3 , y 4 ] and the ideal I generated by {g 1 , g 3 , zy 3 y 4 − 1}, and take a lexicographic order > with z > y 3 > y 4 for a monomial ordering on R. By the help of computer, we get two polynomials in the Gröbner basis of the ideal I. One is h(y 4 ) = 2 l 2 (l + k)(4 k 2 + 4 kl + 2 l 2 + l)y 
